It is shown that the nilpotency is preserved by the perturbed semigroup for a class of perturbation operators. The obtained result is applied to explain mathematically a thermodynamic phenomenon of some heat exchangers.
Introduction
We are concerned with the perturbation of nilpotent semigroups and its application. Let T (t) be a C 0 -semigroup on Banach space X with generator A. Recall the following definition. vanishes when time t > r [1] . Also, nilpotency means superstability (i.e., the exponential growth bound ω 0 (A) = −∞), which is of significance in system and optimization theory; see e.g. [2] and the references therein. In addition, as a special case, nilpotent semigroups share all the eventual regularities, namely, eventual norm continuity, eventual compactness, and eventual differentiability. Thus, in particular, the spectrum determined growth property, i.e., ω 0 (A) = 
Obviously, R(t) = 0 for all t > a. 
However, analogous to Hille-Yosida's resolvent test, (1.5) is hard to be verified in practice.
In view of (b) of Remark 1.2 and the nature of the perturbation theory, it is meaningful to study perturbations of nilpotent semigroups. This problem, which arises in some physical and engineering equations (see Section 3), is by no means trivial. For instance, from Brendle et al. [7, Example 5 .1] we know that the perturbed semigroup may no longer be superstable and hence not nilpotent even if the perturbation operator is bounded.
Example 1 ([7, Example 5.1]). Let R(t) be the right shift semigroup on the Hilbert space
Denote by S(t) the semigroup generated by D + B,
Thus, S(t) is not superstable and hence not nilpotent.
Main result and proof
The following is the main result of this paper. Its proof is straightforward whereas it explains partially why D + B fails to generate a nilpotent semigroup in Example 1. Moreover, as we will see in the next section, it can be used to interpret a thermodynamic phenomenon of some heat exchangers from a completely mathematical point of view. 
Then A + B also generates a nilpotent semigroup S(t) on X . Moreover, 
S(t), namely, the Dyson-Phillips series
where, S k (t) is given inductively by
Next, if (iii) is assumed in addition, then it is easy to check that BT (t)x = T (t)Bx for all x ∈ D(A) and t ≥ 0 (see also [8, Theorem 3.14.15] ). Thus,
Further, an induction argument yields readily
Hence, combining (2.2) with (2.5), using density of D(A) we derive
It is clear that S(t) is nilpotent provided T (t) is nilpotent; more precisely, (2.1) holds.
As an immediate consequence, we have the following corollary.
Corollary 2.2. Suppose that A generates a nilpotent semigroup T (t) on Banach space X and that B ∈ L(X) commutes with A. Then A + B also generates a nilpotent semigroup.
Remark 2.3. We note that the bounded operator B in Example 1 does not commute with the generator D. In fact,
Application
Semigroups related with the right shift semigroup R(t) on L 2 (0, a) and their perturbations were encountered in recent surveys involving several types of heat exchanger equation which describe the transient temperature fields of the fluids flowing in such heat exchangers; see [9] [10] [11] [12] [13] [14] [15] and the references therein.
In [14] (see also [11, Sect. 2]), we saw that the generator associated with the two-stream parallel-flow heat exchanger equation is
Moreover, owing to the variable transformation introduced by Sano [14] (cf. also [11, Remark 2.4 ]), we knew that A generates the C 0 -semigroup
with c ij (t) (i, j = 1, 2) being scalar functions (see [11, (2.9) and (2.10)]). Thus, it is clear that T (t) is nilpotent and that
In the following, using Theorem 2.1 or Corollary 2.2 we will reverify the nilpotency of T (t). It is worth noting that the nilpotency of T (t) implies short-time influence of the initial temperature distribution [11, Remark 3.1 (i)], which seems to be a common thermodynamic phenomenon of heat exchangers. Consequently, noting that D generates the nilpotent semigroup
applying Theorem 2.1 or its Corollary 2.2, we conclude that the semigroup generated by A is also nilpotent. In particular, (3.3) holds. with M being a 9 × 9 scalar matrix. It seems hard to obtain an explicit representation analogous to (3.2) and hence the nilpotency of T (t). However, for the same reason in Example 2, applying Theorem 2.1 we know easily that A generates a nilpotent semigroup T (t) satisfying T (t) = 0 for all t > l.
